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This paper presents new techniques for performing logical operations on type-2 fuzzy sets.
These techniques make signiﬁcant use of geometric methods to give, for the ﬁrst time, logic
operators that can be implemented over continuous domains, thereby eliminating the need
for discretisation. We give a full exposition of the geometric inference operations and con-
sider computational speed and accuracy. We show this novel approach to be more accu-
rate, although slightly slower than existing techniques.
 2008 Elsevier Inc. All rights reserved.1. Introduction
Type-2 fuzzy logic is increasingly being advocated as methodology for reasoning in situations where large uncertainties
are present. We begin this paper by investigating why this is the case. Classical fuzzy logic (type-1) cannot model uncertainty
through an inference process – all uncertainty is lost after fuzziﬁcation. This is because the fundamental building blocks of a
type-1 fuzzy logic system are type-1 fuzzy sets. Type-1 fuzzy sets extend crisp sets, enabling partial set membership; the
degree to which an element belongs to a type-1 fuzzy set is measured by a single value within the interval ½0;1. We, as oth-
ers before us [20,24], argue that a single crisp number cannot model any form of uncertainty. Consider the following logical
assertions:
(1) Value x is 0 A.
(2) Value y is 0.77643 A.
(3) Value z is 1 A.
Each of these statements asserts a fact that can be true ð0Þ, false ð1Þ or somewhere in between ð½0;1Þ. We now pose the
following question: ‘‘Does assertion 2 model better model uncertainty than assertions 1 or 3?” Since all three assertions are
made with the same type of quantity, a real number, the answer has to be no. A crisp number whether from the crisp set
f0;1g or the interval ½0;1 cannot model uncertainty as it must always be a single point.. All rights reserved.
d), rij@dmu.ac.uk (R. John).
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on the continuum between truth and falsehood. This concept of partial truth is quite distinct from uncertainty. If any
quantity is said to have some uncertainty associated with it then additional information about the nature of this uncertainty
must be captured. This information can be in many forms: an error range expressed as a percentage, a probability that a va-
lue is accurate or a measure of how accurate that value is. Uncertainty requires that a number of possible values be consid-
ered, each with an associated probability or possibility. This is usually achieved with a function that maps possible values (of
set membership) to either some measure of probability or some measure of possibility. Type-1 fuzzy sets provide just such a
functional mapping, a domain to possible values to a measure a possibility, a membership grade. This suggests that, to model
(linguistic) uncertainty, the membership grade of a fuzzy set should be modelled with a type-1 fuzzy set. This is exactly what
Zadeh suggested when he proposed what are now called generalised type-2 fuzzy sets [46] which use type-1 fuzzy sets to
capture uncertainty.
The membership grade of a generalised type-2 fuzzy set is a type-1 fuzzy set, with a support bounded in ½0;1 and is
known as a secondary membership function. Let about 0.77643 and a substantial amount be two example type-1 fuzzy sets
that have been speciﬁcally designed to model the membership grade of a fuzzy set. We now extend the logical assertions
given earlier in this Section to capture a degree of linguistic uncertainty:
(1) Value x is about 0:77643 eA.
(2) Value y is a substantial amount eA.
These assertions equate to membership grades in a generalised type-2 fuzzy set. An example type-2 fuzzy set eA is enu-
merated in Eq. (1).eA ¼ about 0:77643=xþ a substantial amount=yþ f0:3=0:5þ 0:8=0:6þ 1=0:7þ 0:2=0:8g=z ð1Þ
where about 0.77643, a substantial amount and f0:3=0:5þ 0:8=0:6þ 1=0:7þ 0:2=0:8g are all type-1 fuzzy sets and x, y and z
are elements of some discrete universe of discourse U.
It is type-2 fuzzy sets that allow type-2 fuzzy logic system to propagate themodelled uncertainty through an inference pro-
cess. The result of fuzziﬁcation of a crisp value in a type-2 fuzzy set is a secondary membership function, a restricted type-1
fuzzy set. Unlike a type-1 membership grade, this fuzziﬁed value retains a model of uncertainty which is used throughout the
inference process. Rule antecendents, also secondarymembership functions, retain this uncertainty. In aMamdani type-2 fuz-
zy logic system these values are essentially the ﬁring strength of a rules, used to ﬁnd the implication on a type-2 fuzzy con-
sequent set. These type-2 consequent sets can then be combined and defuzziﬁed, retaining the model of uncertainty right up
to the point of defuzziﬁcation. If type-reduction is used for defuzziﬁcation then a ﬁnal measure of the uncertainty can be ob-
tained by analysis of the type-reduced set. The alternative to type-reduction, geometric defuzziﬁcation, only yields a ﬁnal
crisp output and does not currently give any measure of uncertainty propagated through the system.
A simpliﬁed version of generalised type-2 fuzzy sets, interval type-2 fuzzy sets are predominate in the literature. Our be-
lief is that this is mainly due to historic computational issues that have now been resolved. Interval type-2 fuzzy logic has
demonstrated good performance in a number of applications [9,12,16,21,22,1,13,15,29,27,28,34,35,38,41,44]. Interval type-2
fuzzy sets can be defuzziﬁed extremely quickly using either the iterative method [17] or the uncertainty bounds technique
[43]. However, we argue that interval type-2 fuzzy sets have less expressive power than generalised type-2 fuzzy sets. Inter-
val type-2 fuzzy sets have membership grades that are crisp intervals. Processing is simpliﬁed by only ever working with the
end points of these intervals [26]. Generalised type-2 fuzzy sets have membership grades that are type-1 fuzzy sets. This
more complex model provides an additional degree of freedom when describing a fuzzy concept. This comes at the expense
of an increase in complexity of the computational model. A number of methods including algorithmic [17], stochastic [10]
and geometric [2,7] techniques have now been used to overcome the problem of computational complexity of generalised
type-2 fuzzy logic, albeit with a reduced set of system design parameters. We hope and expect that the number people using
the promising technique of generalised type-2 fuzzy logic will now begin to increase. This work is only concerned with infer-
ence methods for generalised type-2 fuzzy sets.
Type-2 fuzzy sets were ﬁrst presented by Zadeh in 1975 [45,46]. Mizumoto and Tanaka [30,31] and Dubois and Prade [8]
further explored the logical operations of type-2 fuzzy sets. Throughout the 1980s and early 1990s interval type-2 sets were
investigated by a number of authors [20,33,36,37] interested in extending the notion of a type-1 fuzzy set. In the later 1990s
and into the new millennium the deﬁnitions of logical operations for generalised type-2 fuzzy were completed [19,18,17]
and the ﬁrst type-2 fuzzy logic textbook [24] published. Currently, the number of reported applications of interval type-2
fuzzy logic is growing year on year.
This paper presents new ways of deﬁning and computing the logical operations on type-2 fuzzy sets. The deﬁnitions and
algorithms given here result from the combination of the geometric approach to fuzzy logic and the optimised join and meet
operations. The result is a series of methods that allow logical operations for type-2 fuzzy sets to be deﬁned for the entire
membership function of that set, rather than at discrete points. The result is a method of type-2 fuzzy inference that can
operate over truly continuous universes of discourse.
The remainder of this paper is structured as follows: Section 2 presents type-2 fuzzy sets and relevant works that underpin
the ﬁnding of this paper, Section 3 presents geometric type-2 fuzzy sets, Section 4 presents the novel geometric inference
techniques that can be used on geometric type-2 fuzzy sets and Section 5 presents the conclusions and outcomes of this paper.
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A generalised type-2 fuzzy set is an extension of a type-1 fuzzy set. The membership grade of a type-1 fuzzy set is a real
number in the interval ½0;1, whereas the membership grade of a type-2 fuzzy set is a type-1 fuzzy set with a support
bounded by the interval ½0;1. The widely accepted deﬁnition for a generalised type-2 fuzzy set, provided byMendel and John
[25], is given in Deﬁnition 1.
Deﬁnition 1. A type-2 fuzzy set, denoted eA, is characterised by a type-2 membership function leAðx;uÞ, where x 2 X and
u 2 Jx  ½0;1, i.e.,eA ¼ fððx;uÞ; leAðx;uÞÞ j 8x 2 X; 8u 2 Jx  ½0;1g ð2Þ
where 0 6 leAðx;uÞ 6 1, X is the domain of the fuzzy set eA and Jx is the domain of the secondary membership function at x.
Clearly, type-2 fuzzy sets exist in three-dimensions, this additional dimension requires additional terms to be introduced.
Like type-1 fuzzy sets, type-2 fuzzy sets have a domain, in this case X. The membership grade at single point in the domain is
a type-1 fuzzy number known as a secondary membership function. The domain of a secondary membership function at x,
denoted Jx, is known as the secondary domain or co-domain. The membership grade at a point u in the secondary member-
ship function at x, denoted leAðx;uÞ is known as the secondary membership grade.
An example type-2 fuzzy set gModerate is enumerated in Eq. (3) and depicted in Fig. 1. This 3D depiction is different from
those provided by other authors (for example [3,10,25]). Here the domain of the fuzzy set is plotted along the x axis ðXÞ, mem-
bership grades plotted on the y axis ðlðxÞÞ and secondarymembership grades are plotted on the z axis ðlðx;uÞÞ. We believe that
this orientation is more useful as it can more easily be compared to diagrams of type-1 and type-2 interval fuzzy sets. The
example set gModerate is highly simpliﬁed, only containing three elements in both the domain and co-domain of the set. A
diagram of amore realistic level of discretisationwould not provide as an illustrative example as it would difﬁcult to interpret.gModerate ¼ f0:5=0:1þ 1=0:2þ 0:5=0:3g=3þ f0:5=0:6þ 1=0:7þ 0:5=0:8g=4þ f0:5=0:1þ 1=0:2þ 0:5=0:3g=5 ð3Þ
2.1. Logical operations on type-2 fuzzy sets
The inference engine in a type-2 fuzzy logic system uses only two logical operators, the join and the meet, to perform all
inference operations. Antecedent combination, rule implication and the combination of consequents can all be deﬁned with
join and meet alone. The logical connectives, the ‘or’ and ‘and’ of type-2 fuzzy sets were given by Zadeh [46]. Mizumoto and
Tanaka [31] renamed these operations the ‘join’ and ‘meet’ and were the ﬁrst to look at the properties of these operations.
Mizumoto and Tanaka [31], along with Dubois and Prade [8], also discuss the use of different t-norm and t-conorm operators.
Karnik and Mendel [18] deﬁned more computationally efﬁcient methods for calculating the join and meet of secondary
membership functions that are normal and convex. A fuzzy membership function is said to be normal if it contains at least
one point with a value of 1. A fuzzy membership function is said to be convex if the membership grade monotonically in-
creases until one apex point is reached, after which the membership grade monotonically decreases. This paper uses Karnik
and Mendel’s operations as the basis for geometric inference operations presented in this paper.
The join ðtÞ operation ﬁnds the conjunction of two secondary membership functions leAðxÞ and leBðxÞ. Let leAðxÞ ¼PMi¼1ai=
vi and let leBðxÞ ¼PNj¼1bj=wj. The conjunction of leAðxÞ and leBðxÞ is given byleAteBðxÞ ¼
XM XN
ðaiIbjÞ=ðvi _wjÞ ð4Þ
i¼1 j¼1
where _ is the t-conorm, generally taken to be maximum and I is a t-norm such as minimum or product.
The meet ðuÞ operation ﬁnds the disjunction of two secondary membership functions leAðxÞ and leBðxÞ. The disjunction of
leAðxÞ and leBðxÞ is given byFig. 1. The type-2 fuzzy set gModerate.
Fig. 2.
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XM
i¼1
XN
j¼1
ðaiIbjÞ=ðviIwjÞ ð5Þwhere again I is a t-norm.
The join and meet operations perform differently under product and minimum t-norms. Consider the two secondary
membership functions f and g depicted in Fig. 2a. The join and meet of f and g under the minimum t-norm is depicted in
Fig. 2b. The join and meet of f and g under the product t-norm is depicted in Fig. 2c. Observe in Fig. 2c that the resultant
secondary membership functions are curved. If the product t-norm is used when performing the join and meet on piece-
wise-linear function, the resultant functions may not be piecewise-linear. This characteristic is part of the reason why the
geometric model of join and meet given in this paper do not make use of the product t-norm. A geometric interpretation
of the product t-norm is more complex than that of the minimum and as such has yet to be developed.
It was mentioned earlier that the computational overheads that come with type-2 fuzzy logic are much greater than type-
1. The origins of some of these issues are now discussed. The basic logical operations are far more complex than the type-1
equivalent. Assume that t-norms and t-conorms require an equal amount of processing resource t, then cost of ﬁnding the
‘and’ or ‘or’ of two discrete type-1 fuzzy sets at a point x is t. The cost of ﬁnding the ‘and’ or ‘or’ of two discrete type-2 fuzzy
sets at a point x is 2MNt, where M and N are the number of discrete points in the domain of the respective secondary mem-
berships. Karnik and Mendel [18] gave methods to reduce this overhead signiﬁcantly. These methods rely on the secondary
membership functions being both normal and convex. If the condition of normality and convexity are not met then incorrect
results are produced. These optimisations are achieved by deﬁning the join and meet under both minimum and product t-
norm for a single point in the domain of the resultant secondary membership functions. The optimised join and meet oper-
ations [18] are now given. Let there be n convex, normal, type-1 real fuzzy sets F1; . . . ; Fn characterized by membership func-
tions f1; . . . ; fn; respectively. Let v1; v2; . . . ; vn be real numbers such that v1 6 v2 6 . . . vn and f1ðv1Þ ¼ f2ðv2Þ ¼ . . . ¼ fnðvnÞ ¼ 1.
Then restricting the t-conorm to maximum ð_Þ and the t-norm to minimum ð^Þ givesltn
i¼1Fi
ðhÞ ¼
^ni¼1fiðhÞ; h < v1;
^ni¼kþ1fiðhÞ; vk 6 h < vkþ1; 1 6 k 6 n 1
_ni¼1fiðhÞ; hP vn;
8><
>: ð6Þandlun
i¼1Fi
ðhÞ ¼
_ni¼1 f iðhÞ; h < v1;
^ni¼kþ1 f iðhÞ; vk 6 h < vkþ1; 1 6 k 6 n 1
^ni¼1 f iðhÞ; hP vn;
8><
>: ð7ÞThese deﬁnitions signiﬁcantly reduce the computational cost of the join and meet operations. The reduction in computa-
tional cost is achieved by reducing the number of times the domain of the sets have to be traversed to one. Prior to this def-
inition the number of times that the domain of each secondary membership function had to be traversed was equal to the
number of points in the other secondary membership function it is being combined with. Novel extensions to the Karnik and
Mendel optimisations which reduce the limitations of these operations were given by the authors [5]. This work underpins
the geometric inference process given in this paper.
Rule antecedents can be combined using the join and meet operators. In a Mamdani system, these computed antecedents
can then be used to ﬁnd the implication of the antecedent to a rule consequent for each of the rules. Implication is performed
by ﬁnding the meet of the antecedent with every point in the consequent type-2 fuzzy set. Let the antecedent value be
leAðx1Þ u leBðx2Þ and the consequent be eC over the domain Y. The value of leAðx1Þ u leBðx2Þ ) eC is given below:leAðx1Þ u leBðx2Þ ) eC ¼
Z
y2Y
ðleAðx1Þ u leBðx2ÞÞ u leC ðyÞ ð8Þ
Each rule will produce an inferred consequent type-2 fuzzy set. To combine these sets the ‘or’ operation, the join operation, is
applied at every point in the domain of the sets. Let consequent sets be fC1 ;fC2 ; . . . ;fCn and the ﬁnal combined set be eF , all over
domain X. The value of eF is given below:(a) The secondary membership functions f and g. (b) The join and meet of f and g under the minimum t-norm. (c) The join and meet of f and g under
duct t-norm.
Fig. 3.
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Gn
i¼1
eCiðxÞ ð9Þ
This operation results in a single type-2 fuzzy set which represents the decision of the fuzzy logic system. A crisp output
must now be derived which is representative of this ﬁnal fuzzy set. This work sets out how to arrive at this result using
purely geometric techniques, preserving the accuracy of a continuous domain.
2.2. Issues surrounding discretisation
Historically, type-1 fuzzy sets have always been discretised when implemented within a Mamdani fuzzy logic system on
computer hardware. For type-1 fuzzy sets, with a single domain per set this has never been an issue. Some limited work has
looked at modelling the type-1 inference process over a continuous domain with a functional approach [39,40,23] but, pos-
sibly due the perceived lack of need, has not yet been followed up. Type-2 fuzzy sets have two domains, a primary domain
over X and a co-domain over ½0;1. The primary domain is equivalent to the domain of a type-1 set and can be discretised
accordingly. The co-domain of a type-2 fuzzy set has no type-1 equivalent and requires a new approach when being discre-
tised. Each secondary membership function in a type-2 fuzzy set lays over the same continuous co-domain, the interval ½0;1.
Typically, the domain of each secondary membership function will be discretised at different points. The typical approach is
discretise into a given number of equidistant points within the support of the secondary membership function. This gives the
greatest possible expressive power to the type-2 fuzzy set.
Until recently, the only method for ﬁnding the centroid of a type-2 fuzzy set was type-reduction. Type-reduction has a
high computational cost which can only be limited by using a very coarse level of discretisation. So, type-reduction places
a pressure on developers to keep the level of discretisation low. This can be detrimental to the accuracy and therefore per-
formance of a type-2 fuzzy logic system. Consider the type-2 fuzzy set eA depicted in Fig. 3a. eA is a non-symmetrical type-2
fuzzy set over a continuous domain with both primary and secondary membership functions taking a triangular shape. If eA is
to be used in a real system then the widely accepted practice is to discretise both the primary and secondary membership
functions of eA.
Consider two possible discrete versions of eA. Firstly eA3, which has three discrete points in the domain of both the primary
and secondary membership functions. Secondly eA6, which has six discrete points in the primary and secondary membership
functions. The discrete sets eA3 and eA6 are depicted in Fig. 3b and c, respectively. These ﬁgures show that the triangular shape
of the secondary membership functions is preserved at both levels of discretisation. However, the level of discretisation in eA3
is so coarse that the primary membership function is no longer triangular. The primary membership function of eA6 has re-
tained the triangular form. The computational cost of type-reducing the sets is signiﬁcantly different. The number of embed-
ded type-2 sets that have to be enumerated in order to calculate a type-reduced set from eA3 is 27. The number of embedded
sets required to ﬁnd the centroid of eA6 is 46656. In this simple case quadrupling the number of discrete points has led to an
increase over 1700 times the amount of computation that is required to arrive at a type-reduced set. The ﬁnal defuzziﬁed
values, the centroids of the type-reduced sets are also signiﬁcantly different. The centroid of eA3 is 1.375 and the centroideA6 is 1.55714. This difference of 0.18214 represents 9% of the support of type-2 fuzzy set eA. Clearly discretisation has a larger
impact on type-2 fuzzy systems than it does on type-1 fuzzy systems. Using geometric methods to eliminate discretisation
will clearly be an advantage when designing a type-2 fuzzy logic system.
3. Geometric type-2 fuzzy sets
A type-2 fuzzy set is characterised by a type-2 fuzzy membership function. A geometric type-2 fuzzy set is simply a type-
2 fuzzy set where the membership function is modelled using geometric primitives. A generalised type-2 fuzzy set will re-
quire three-dimensional geometric primitives. We strongly advocate the use of triangles for geometrically modelling a gen-
eralised type-2 fuzzy membership function. Triangles consist of three vertices, and by deﬁnition must lay exactly on a plane.
The geometry of planes is well understood and can be exploited when deﬁning logical operation on geometric type-2 fuzzy
sets. If we use triangles as the geometric primitives, then the entire membership function of a geometric type-2 fuzzy set
becomes a polyhedron.(a) The type-2 fuzzy set eA with triangular primary and secondary membership functions. (b) The type-2 fuzzy set fA3 . (c) The type-2 fuzzy set eA6.
Fig. 4. The geometric type-2 fuzzy set gModerate.
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triangles connect to form a 3D polyhedron, i.e.:eA ¼ [
i¼1;...;n
xi1 y
i
1 z
i
1
xi2 y
i
2 z
i
2
xi3 y
i
3 z
i
3
2
64
3
75 ð10Þwhere xi1, x
i
2 and x
i
3 2 X and yi1, yi2, yi3, zi1, zi2 and zi3 2 ½0;1. In this geometric model, values on the y axis represent primary
membership grades and values on the z axis represent secondary membership grades.
An example geometric type-2 gModerate is depicted in Fig. 4. The membership function of gModerate is a polyhedron, in this
case made up of eight triangles. These eight triangles approximate the membership function of gModerate of over a continuous
domain X. The polyhedron provides an approximation as the actual membership function of gModerate is a non-planar surface
that is being modelled by planar triangles. The accuracy of this approximation will result from the conﬁguration of the trian-
gles that make up the polyhedron. This is a design parameter that should be considered by developers of geometric type-2
fuzzy logic systems. We believe that, as long as a systematic approach is taken when constructing the polyhedron, the con-
ﬁguration of the triangles will not signiﬁcantly impact on system performance. Such an approach was given in [2] which uses
simple algorithms to produce a complete set of triangles that approximate the membership function of a type-2 fuzzy set.
4. Type-2 geometric inference
To date, all type-2 fuzzy logic operations: and, or, implies, join and meet have been based on mathematical operations in
two-dimensions. We now present logical operations for type-2 fuzzy sets using three-dimensional geometric techniques.
Our approach is equivalent to the standard discrete operations when minimum and maximum are used for all t-norms
and t-conorms.
4.1. Geometry primer
Geometric type-2 fuzzy sets, presented in Section 3, are deﬁned as a collection of 3D triangles. When deﬁning logical
operations for such sets we shall augment this deﬁnition. For ease of use, the triangles that deﬁne a given set eA are separated
in to two subsets, the upper surface denoted eA and the lower surface denoted eA. Since all triangles have counter-clockwise
ordered vertices it is relatively simple to identify which surface a triangle belongs to. If the normal of the triangle has a po-
sitive y component then it is in the upper surface, if negative then it is in the lower surface.
The 2D geometric logic operations given by the authors in [4,5] were based on the ability to identify points where two line
segments intersect. These lines could then be ‘clipped’ to give a new geometric fuzzy set, the result of a logical operation. The
type-2 geometric logic operations use the same principle only with 3D surfaces (formed by triangles) instead of 2D line seg-
ments. Such an approach will require a geometric operation for identifying the line where two triangles intersect and an
operation for clipping the triangles accordingly.
The Guigue and Devillers triangle–triangle overlap test [11], an extension of Möllers intersection test [32], provides a com-
putationally fast method for testing for and calculating any points where two triangles intersect. Consider the two triangles t1
with vertices P1, Q1 and R1, and t2 with vertices P2, Q2 and R2 on the respective planes p1 and p2 depicted in Fig. 5. The algo-
rithm begins by testingwhether t1 intersects with p2 andwhether t2 intersectswith p1. This is done by comparing the distance
from each vertex to the plane of the opposing triangle. First take the distances from P1, Q1 and R1 to the plane p2, denoted dp1,
dq1 and dr1. When the signs of dp1, dq1 and dr1 are compared three distinct situations can be identiﬁed. If all three have the
same sign, then t1 lies in one of the half spaces of p2. If all three are zero then the t1 and t2 lie on the same plane and can there-
fore by handled using two-dimensional methods. If one of the distances has a different sign then t1 intersects the plane p2 and
the algorithm continues. The same is done for the distances dp2, dq2 and dr2. If one of the distances has a different sign then the
algorithm continues as each triangle must intersect the plane of the opposing triangle. The next stage involves rotating the
Fig. 5. Intersecting triangles and the planes in which they lie. Adapted from [11].
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than q2 and R2. Also P2,Q2 and R2 are ordered counter clockwisewith respect to P1 and P1,Q1 and R1 are ordered counter clock-
wise with respect to P2. This is the vertex ordering depicted in Fig. 5. The line l depicts the line where the planes p1 and p2
intersect. There must now be a point along each of vectors ~p1q1, ~p1r1, ~p2q2 and ~p2r2 that intersects the line l. These points
are denoted I, J, K and L, respectively. A series of boolean operations then ﬁnds the order of I, J, K and L along l. If this ordering
conﬁrms that the triangles do intersect then intersection points are calculated. In the case of t1 and t2 the points follow the
ordering I, J, K and L giving the intersection points K and J. The calculations to give the points K and J are given below:K ¼ P2  ð~p2  ~q2Þ
ð~p2  ~p1Þ  ~n1
ð~p2  ~q2Þ  ~n1
ð11Þ
J ¼ P1  ð~p1  ~p2Þ
ð~p1  ~p2Þ  ~n2
ð~p1  ~q1Þ  ~n2
ð12Þwhere ~n1 and ~n2 are the normals to the respective planes p1 and p2,  is the dot product of two vectors and ~pi is the position
vector of Pi. This algorithm provides a method for testing for and calculating the intersection points of two triangles in three-
dimensions. The use of a series of single geometric tests to ascertain the way the two triangles are interacting simpliﬁes the
intersection point calculation and reduces the possibility of errors from ﬂoating point calculations.
Having found a way to test for and identify intersecting triangles we need a algorithm to clip the triangles at the inter-
section lines. No suitable algorithm could be found in the literature, instead we present the novel surface clipping algorithm.
The algorithm is based on the principle that maximum (in the y-dimension) of any two surfaces is given by the maximum (in
the y-dimension) of all the points that make up that surface. It is therefore possible to ﬁnd the minimum of maximum of two
surfaces by calculating the segments where the two surfaces intersect. This is analogous to the Weiler–Atherton [42] algo-
rithm which calculates all points where two polygons intersect in order clip one polygon against the other.
The surface clipping algorithm
Inputs: the surfaces subject and clip. clip is the surface that is being clipped against.
Let there also be two lists of triangles – current subject, current clip. These lists hold triangles where intersections are possible. Let the minimum x
component of the three vertices of the triangle t be min.x and maximum max.x. order all triangles in both the surfaces by min.x.
While not off both the surfaces subject and clip. dotake a triangle t from the head of subject or clip, whichever has the lower value of min.x; add t to respective current list.
check whether any triangles can be removed from current lists i.e, check whether the max.x value for that triangle is less than the min.x of t.
if t is from subject then
if t is below all triangles in the clip list then append t to clipped.
end if
if t intersects with any of the triangles in the clip list then area below the intersection line must be output:
if only one vertex is below the intersection line then only one triangle is output. This triangle consist of that vertex and the end points of
the triangle intersection line.
end if
if two vertices lie below the intersection line then two triangles need to be added. One triangle consists the intersection line endpoints
and one of the vertices. The other triangle consists of one of the intersection line vertices and the vertices that are below the intersection
line.
end if
if either of the intersection line endpoints is inside t then t must be replaced by triangles that cover the area of t that did not intersect.
end if
end if
end if
end while
Outputs: the surface clipped.
Fig. 6. A clipped triangle and the resultant triangles t1, t2 and t3.
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will give the maximum of two surfaces. Fig. 6 depicts a clipping operation using below where two intersecting triangles and
the resultant triangles t1 and t2 which are appended to clipped and t is replaced by t3 in the respective lists. Fig. 7 depicts a
clipping operation using above where two intersecting triangles and the resultant triangles t1 and t2 which are appended to
clipped and t is replaced by t3 in the respective lists. Each of these operations can be applied to collections of triangles, giving
clipping operations over entire surfaces Fig. 8 shows how clipping operation may be used to ﬁnd either the minimum or
maximum of two surfaces.
These clipping operations can implement the join and meet operations as deﬁned in Eqs. (6) and (7), where minimum and
maximum are the only permitted t-norm and t-conorm. The surfaces depicted in Fig. 8a could easily be from the upper sur-
face of a geometric type-2 fuzzy set. With reference to the join and meet operations, these surfaces capture all points where
x < t1 and t1 6 x < t2. Eq. (7) tells us that to perform meet operation on these points we need to take the minimum second-
ary grade at each point in the sets where x < t1 and t1 6 x < t2. This operation is depicted in Fig. 8b, where the minimum of
the two surfaces is found using the surface clipping algorithm.
This operation also gives the meet for all points less than the ﬁrst apex point, which are captured by the lower surface of a
geometric type-2 fuzzy set. Eq. (6) tells us that to perform the join operation on these points we need to take the maximum
secondary grade at every point in the sets where x < t1 and t1 6 x < t2. This operation is depicted in Fig. 8c, where the max-
imum of the two surfaces is found using the surface clipping algorithm. This operation is also used to ﬁnd the join for the
lower surfaces of a pair of geometric type-2 fuzzy sets.
The logical and, or and implieswill now be deﬁned using as examples the geometric type-2 fuzzy sets eA and eB depicted in
full in Fig. 9 and the associated FOUs in Fig. 10.
4.2. The geometric and operator
The and of two type-2 fuzzy sets is deﬁned as the result of taking the meet of the secondary membership functions of the
two sets at each point in the domain of the sets. The geometric clipping operation is used to give the meet, not at every dis-
crete point, but a every point along the continuous domain of the two geometric type-2 fuzzy sets.Fig. 7. A clipped triangle and the resultant triangles t1 and t2.
Fig. 8. (a) Two surfaces. (b) The minimum of those two surfaces. (c) The maximum of those two surfaces.
Fig. 9. The geometric type-2 fuzzy sets eA and eB.
Fig. 10. The FOU of the geometric type-2 fuzzy sets eA and eB.
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surface over the continuous domain X.
Let the logical and of eA and eB be a third geometric type-2 fuzzy set eC .
The lower surface of eC ¼ the minimum, as given by the surface clipping algorithm, of the lower surfaces of eA and eB.
The upper surface of eC ¼ the minimum, as given by the surface clipping algorithm, of the upper surfaces of eA and eB.
This performs the meet across the entire domain of eA and eB giving the logical and.
The logical and of the example geometric type-2 fuzzy sets eA and eB is depicted in full in Fig. 11 and just the FOU in Fig. 12.
4.3. The geometric or operator
The or of two type-2 fuzzy sets is deﬁned as the result of taking the join of the secondary membership functions of the two
sets at each point in the domain of the sets. Again, the geometric clipping operation is used to give the join, not at every
discrete point, but a every point along the continuous domain of the two geometric type-2 fuzzy sets.
Deﬁnition 4. Let eA and eB be two geometric type-2 fuzzy sets, each with membership functions deﬁned by lower and upper
surface over the continuous domain X.
Let the logical or of eA and eB be a third geometric type-2 fuzzy set eC .
The lower surface of eC ¼ the maximum, as given by the surface clipping algorithm, of the lower surfaces of eA and eB.
The upper surface of eC ¼ the maximum, as given by the surface clipping algorithm, of the upper surfaces of eA and eB.
This performs the join across the entire domain of eA and eB giving the logical or.
The logical or of the example geometric type-2 fuzzy sets eA and eB is depicted in full in Fig. 13 and just the FOU in Fig. 14.
Fig. 11. The geometric type-2 fuzzy set eC ¼ eA \ eB.
Fig. 12. The FOU of the geometric type-2 fuzzy set eC ¼ eA \ eB.
Fig. 13. The geometric type-2 fuzzy set eC ¼ eA [ eB.
Fig. 14. The FOU of the geometric type-2 fuzzy set eC ¼ eA [ eB.
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The Mamdani implication of an antecedent on a consequent geometric type-2 fuzzy set can be found using the geometric
or operation. The antecedent of a geometric type-2 Mamdani rule is a geometric secondary membership function, which is a
pair (left and right) of ordered sets of 2D points ðxi; yiÞ. In this representation the left side of the secondary corresponds the
lower surface and the right side to the upper surface. This 2D geometric object is used to create a 3D geometric type-2 fuzzy
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lower surface of this antecedent is given below, where # is set cardinality (size).Inputs: The set of 2D points left, from the geometric secondary a and the consequent set eC .
Let s and e be the ﬁrst and last domain values in C and let d be some value that is small with respect to e s and b be a set of triangles.
b ¼ ;
for i ¼ 1 to #left  1b ¼ b [
s d xi yi
eþ d xi yi
s d xiþ1 yiþ1
2
64
3
75
8><
>:
9>=
>;
b ¼ b [
s d xiþ1 yiþ1
eþ d xiþ1 yiþ1
eþ d xi yi
2
64
3
75
8><
>:
9>=
>;
end for
Outputs: The set of triangles b.eThe upper surface of a can be constructed in a similar way using the algorithm given below:
Inputs: The set of 2D points it right, from the geometric secondary a and the consequent set eC .
Let s and e be the ﬁrst and last domain values in C and let d be some value that is small with respect to e s and b be a set of triangles.
b ¼ ;
for i ¼ 1 to #right  1b ¼ b [
s d xi yi
eþ d xi yi
eþ d xiþ1 yiþ1
2
64
3
75
8><
>:
9>=
>;
b ¼ b [
s d xi yi
eþ d xi yi
eþ d xiþ1 yiþ1
2
64
3
75
8><
>:
9>=
>;
end for
Output: The set of triangles b.An example of the application this algorithm is depicted in Figs. 15 and 16. Fig. 15 depicts a secondary membership
function, the antecedent of a ﬁred rule taken from the rule base of a geometric type-2 fuzzy logic system. Fig. 16 depicts
the geometric type-2 fuzzy set that represents the antecedent from Fig. 15 across the domain of a consequent set. For
the consequent set, we have chosen to use the geometric type-2 fuzzy set eA that was used in the examples for logical
and and or, as depicted in Fig. 9. The Mamdani implication is deﬁned as the meet of the antecedent with every point in
the consequent. To ﬁnd this we perform a logical and on the two sets ea on eA, giving the meet at every point in these
two type-2 fuzzy sets. The result of this and operation is depicted in Fig. 17 and the FOUs of this set is depicted in
Fig. 18.Fig. 15. The geometric secondary membership function a.
Fig. 16. The geometric type-2 fuzzy set ea.
Fig. 17. The consequent geometric type-2 fuzzy set eD = ea ) eA.
Fig. 18. The FOU of the consequent geometric type-2 fuzzy set eD ¼ ea ) eA.
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The original join and meet operations contain signiﬁcant levels of redundancy resulting from the method of derivation
that is reliant on the extension principle. More recent work [18,5] has been able to eliminate a signiﬁcant proportion of this
redundancy, at the cost of introducing some limitations. Karnik and Mendel [18] gave an improved performance for both
operations, subject to the use of the minimum and maximum and the convexity and normality of the secondary membership
functions. The authors [5] extend these results for the important case of secondary membership functions that are non-
normal.
The computational performance of the novel geometric inference operations was compared with the optimised approach
as previously presented by authors [5]. We took three simpliﬁed example Mamdani geometric type-2 fuzzy logic systemsTable 1
Average times taken over 30 runs to arrive at 100 consequent sets (in seconds) (ﬁgures given to 2 decimal places)
Number of rules Time-geometric system Time-discrete system
2 6.84 1.62
4 60.69 6.70
6 176.99 9.91
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of the geometric type-2 sets at 25 points in the domain and at 10 points in the domain of each secondary membership func-
tion. We then timed how long each type-2 fuzzy system took to arrive at a consequent set given two static inputs over a
series of 100 inference cycles. This was repeated 30 times to reduce experimental error, the average time for each system
to execute 100 over the 30 runs is given in Table 1. So, the time taken for each fuzzy system to complete 100 iterations is
measured and this is repeated 30 times.
4.6. Discussion
There are both advantages and disadvantages to geometric type-2 fuzzy inference. Accuracy is a clear advantage, geomet-
ric type-2 fuzzy sets are modelled over a continuous domain, giving more accurate computer representations of type-2 fuzzy
sets. The authors have previously shown how geometric type-2 fuzzy sets increase the accuracy of the set model [7]. By per-
forming inference operations on this more accurate model directly, we retain more accuracy than if we were to discretise
them for inference purposes. Geometric defuzziﬁcation [2] is faster than type-reduction, typically by several orders of mag-
nitude. Only geometric type-2 fuzzy sets can be defuzziﬁed using this technique, although it is possible to convert a discrete
type-2 fuzzy set to a geometric one. However, geometric inference is somewhat slower than discrete inference suggesting
that a hybrid discrete-geometric type-2 fuzzy system will have the smallest computational footprint. The difference in
the level of computation between geometric and discrete increases signiﬁcantly as the number of rules increases. This rein-
forces our view that a hybridised type-2 fuzzy system gives the lowest possible computational footprint.5. Conclusions
This paper has presented inference techniques for type-2 fuzzy logic based on geometric operations. The basis for all these
techniques is the geometric type-2 fuzzy set which models a type-2 fuzzy membership function with triangles. Using knowl-
edge of how triangles interact in 3D space we have shown how the and, or and implication operations can be deﬁned for such
sets. These new geometric operations give, for the ﬁrst time, logical operations for type-2 fuzzy set deﬁned over a truly con-
tinuous domain. Discretisation of type-2 fuzzy sets raises issues that are important for type-1 fuzzy sets [2], eliminating this
step of the design process is deﬁnitely advantageous. The advantages of using this method, in addition to the advantages of a
continuous domain, are an increase in the accuracy of the fuzzy set model and a direct link to the geometric defuzzifer,
increasing defuzziﬁcation speed. The geometric type-2 fuzzy set have piecewise planar membership functions which have
been shown to improve model accuracy [6], the methods presented here although this increased accuracy to be maintained
throughout the inference process. The main drawback of this approach is a reduction in inference speed, which is to some
degree counteracted by the direct connection to the geometric defuzziﬁer. In the simple two rule system presented here,
we saw inference speed drop by a factor of four. The computational speed of the geometric inference engine could signiﬁ-
cantly beneﬁt in a hardware implementation, particularly with availability of modern graphical processing units [14].
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